CUP PRODUCT AND GERSTENHABER BRACKET ON
HOCHSCHILD COHOMOLOGY OF A FAMILY OF QUIVER
ALGEBRAS

TOLULOPE OKE

ABSTRACT. We present a cup product formula on the Hochschild cohomology of a family
of quiver algebras. We use the formula to determine the set of homogeneous non-nilpotent
Hochschild cocycles and construct a canonical isomorphism between Hochschild cohomol-
ogy modulo nilpotents and a subalgebra of k[z, y] that is not finitely generated. For some
members of the family, we present the Gerstenhaber ideal of homogeneous nilpotent co-
cycles using homotopy lifting technique. We then determine their Hochschild cohomology
modulo the weak Gerstenhaber ideal generated by nilpotent elements, thereby providing
an answer to a question of Reiner Hermann.

1. INTRODUCTION

The theory of support varieties has been well developed for finite groups using group
cohomology. Several efforts were made to develop similar theories for finitely generated
modules over finite dimensional algebras using Hochschild cohomology. Hochschild coho-
mology HH*(A) of a k-algebra A is graded commutative. If the characteristics of the field
k is different from 2, then every homogeneous element of odd degree is nilpotent. Let
N Dbe the set of nilpotent elements of HH*(A), Hochschild cohomology modulo nilpotents
HH*(A)/N is therefore a commutative k-algebra. For some finite dimensional algebras,
it is well known that the Hochschild cohomology ring modulo nilpotents is finitely gen-
erated as an algebra. N. Snashall described many classes of such algebras in [10, section
3]. Before the expository paper [10], it was conjectured in [11] that Hochschild cohomol-
ogy modulo nilpotents is always finitely generated as an algebra for finite dimensional
algebras. The first counterexample to this conjecture appeared in [14] where F. Xu used
certain techniques in category theory to construct a seven-dimensional category algebra
whose Hochschild cohomology ring modulo nilpotents is not finitely generated. Some au-
thors have presented several constructions of different counterexamples to this conjecture.
While it is of great use to produce a counterexample, it is equally important to understand
the cohomology ring structure of these algebras. We give a brief summary of a variation
of the F. Xu counterexample which was presented in [I0]. Throughout, & is taken to be
an algebraically closed field.

A quiver is a directed graph where loops and multiple arrows (also called paths) between
two vertices are possible. The path algebra k@), is the k-vector space generated by all paths
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in the quiver ). By taking multiplication of two paths x and y to be the concatenation
xy if the terminal vertex t(x) of  and the origin vertex o(y) of y are equal, and otherwise
0, kQ becomes an associative k-algebra. Let I be an ideal of £Q. The quotient A = kQ/I
is called a quiver algebra. Consider the quiver Q:

a

Cless
G

b

and let
(11) {Aq = kQ/L]}qekv Iq = <a27 b27 ab — qb(l, CLC>,

be the family of quiver algebras generated by @ for each ¢ € k. We give the following
remarks to summarize some of what has been done with respect to this family.

Remark 1.2. From [7,[10], we have that for each q,
o A\, is finitely generated since Q) is a finite quiver i.e. has finite vertices and arrows.
o A, is a graded Koszul quiver algebra.
o Let Ay = @i>0(Ag)i be a grading. The Koszul dual A!q of Ay and the Yoneda algebra
E(Ay) are related by the following equation;

(1.3) E(Ag) = Ext}, ((Ago, (Aglo) = Ay = kQ™ /I

where Q°P is the quiver with opposite arrows, IqL = (a®b? 4+ ¢~ 1% b0, with °
the correponding arrow in the opposite quiver algebra kQ°P for any v € kQ. Note
also that A; s generated in degrees 0 and 1.

o The case where ¢ = £1, I, belongs to a class of (anti-)commutative ideals studied
by E. Gawell and Q.R. Xantcha. There is an associated generator graph (of the
orthogonal ideal IqL of 1,) which has no directed cycles. This means that the ideal
I, is admissible [4].

e For g = 1, the graded center of the Yoneda algebra Zg.(E(Aq)) is given by the
following

) k@ K[a, b]b, if char(k) =2
Zgr(B()) = {k & ka2, b2]b2,  if char(k) # 2

where the degree of b is 1, and that of ab is 2.

The following result shows that A; is a counterexample to the Snashall-Solberg finite
generation conjecture.

Theorem. [10, Theorem 4.5] Let k be a field and Ay be a member of quiver algebras given
in Equation (1.1)). Let N be the set of nilpotent elements of HH* (A1), then

k & kla, b]b, if char(k) =2
k@ kla?, b*b%,  if char(k) # 2

where the degree of b is 1, and that of ab is 2.

HH" (A1) /N = Zy (E(A1)) = {
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Let A and B be k-algebras, A¢, B¢ their enveloping algebra and Mod(A€) the category
of A%modules. It is natural to ask when an exact functor Mod(A¢) — Mod(B¢) gives
rise to a graded homomorphism HH*(A) — HH*(B) between the Hochschild cohomology
of A and B. A recollement of module categories can be thought of as an “exact sequence”
of categories with maps between them being adjunct functors. R. Hermann in [6] showed
that recollements of module categories give rise to homomorphisms between the associated
Hochschild cohomology algebras preserving the strict Gerstenhaber structure. This led to a
formulation of another variation of the Snashall-Solberg finite generation conjecture which
asks whether Hochschild cohomology modulo the weak Gerstenhaber ideal generated by
homogeneous nilpotent elements is finitely generated. In particular, it is unknown whether
or not HH*(A,)/G(N) is finitely generated when ¢ = 1.

Our result: In this paper, we study the Hochschild cohomology ring of the family A, of
quiver algebras of Equation . We present a comultiplicative map on a projective res-
olution K for this family and determine a cup product formula using the comultiplicative
map. With the generalized cup product formula, we completely determine homogeneous
nilpotent and non-nilpotent Hochschild cocycles. Our description and calculations agrees
with the general notion that all cocycles of odd homological degrees are nilpotent.

Furthermore, we show that whenever ¢ = +1, Hochschild cohomology modulo the ideal
generated by homogeneous nilpotent elements is not finitely generated. We use the idea of
homotopy lifting introduced by Y. Volkov in [12] to completely determine the Gerstenhaber
ideal generated by both homogeneous nilpotent and non-nilpotent cocycles. We show that
for Ay, ¢ = +1, Hochschild cohomology ring modulo the weak Gerstenhaber ideal generated
by homogeneous nilpotent cocycles is not finitely generated. Some of our results include
the following;

Theorem. Let ¢ : K,,, = Ay, and p: K,, — Ay, be two Hochschild cocycles. Let {6;”};”;01

be free basis elements of Ky, such that ¢(e7') = @7 € Ay and let {5"}"'H be free basis

elements of K, such that p(el') = pu* € Ay . Then the followzng gives a formula for the

cup product on Hochschild cohomology;

(=)™ g ug, when r =0,

(6 < o emn) — (gt — d T when 0 <r <m g n,
" " (=1)mmem . when r =m + n,
(1)

D™ o0 gy 1, whenr=m+n+1,
min{m,r}
where T = Z (—q)I (=) 7 s 0<r<m+n.
j=maz{0,r—n}
Theorem. Let k be a field of characteristics different from 2. Let Ay = kQ/I, be the

family of quiver algebras of (1.1) and N the set of homogeneous nilpotent elements of
HH*(A,), then

HHO(A,) /N =k, if ¢ # 1

. B )
HH (Aq)/N - {ZO(Aq,Aq) fan k[$2’y2]y2 =~k D k[CL’Q,yz]yQa qu ==l



4 T. OKE
where the degree of y? is 2, and that of xy? is 4.

Theorem. Let k be a field and Ay,q = £1 be members of the family of quiver algebras
of (L.1). Let N be the set of homogeneous nilpotent elements of HH*(A,), and G(N') the
weak Gerstenhaber ideal generated by N'. Then HH*(A,)/G(N) = HH*(A,)/N.

2. MINIMAL PROJECTIVE RESOLUTION FOR KOSZUL QUIVER ALGEBRAS

We recall that a quiver is a directed graph with the allowance of loops and multiple
arrows. A quiver @) is sometimes denoted as a quadruple (Qo, Q1, 0,t) where Q) is the set
of vertices in @), Q1 is the set of arrows in @), and o,t : Q1 — Qo are maps which assign
to each arrow a € @1, its origin vertex o(a) and terminal vertex t(a) in Qo. A path in
Q is a sequence of arrows a = aqas - - - ap_1a, such that the terminal vertex of a; is the
same as the origin vertex of a;41, using the convention of concatenating paths from left to
right. The path algebra kQ is defined as a vector space having all paths in @) as a basis.
Vertices are regarded as paths of length 0, an arrow is a path of length 1, and so on. We
take multiplication on k(@) as concatenation of paths. Two paths a and b satisfy ab = 0 if
t(a) # o(b). This multiplication defines an associative algebra over k. By taking kQ; to be
the k-vector subspace of kQ) with paths of length i as basis, kQ = @, kQ; can be viewed
as an N-graded algebra. A relation on a quiver @ is a linear combination of paths from Q
each having the same origin and terminal vertex. A quiver together with a set of relations
is called a quiver with relations. Let I be an ideal of k() generated by some relations. The
quotient A = kQ/I is called the quiver algebra associated with (Q, I).

We now present a construction of the resolution K that we use later to determine
Hochschild cohomology.

Construction of the minimal projective resolution K: Let A = kQ/I be a graded
Koszul algebra. Then Ay has a graded (minimal) projective resolution L as a right A-
module. An algorithmic approach to find such a minimal projective resoluton I — Agy of
right A-modules was given in [3]. The resolution was shown to have a “comultiplicative
structure” and this structure was used to find a minimal projective resolution K — A of
modules over the enveloping algebra of A in [5]. We now describe these resolutions.

Take J to be the ideal of kQ generated by all arrows and suppose further that I C J?
is an admissible ideal, that is, J™ C I C J? for some m and set vt = J/I. A non-zero
element x € kQ is called uniform if there exist vertices u, v such that x = uxv = ur = zv,
where u is the common origin vertex and v is the common terminal vertex of each of the
paths summing up to z. For R = kQ, it was shown that there are integers {t,},>0 and
uniform elements { f;* }EH:O such that the minimal right projective resolution L. of Ay = A/,
is obtained from a filtration of R. The element f* for each i, is a path of length n. The
filtration is given by the following nested family of right ideals:

tn tn—1

t t
@R R CDRARCDIR=R
1=0 =0 1=0 =0

where for each n, L, = @ﬁlo IR/ @ﬁlo fPI and the differentials d* on L are induced
by the inclusions @™, fI'R C @?;61 "~1R. The existence of these inclusions imply that



CUP PRODUCT AND GERSTENHABER BRACKET 5

there are elements h?i_l’” in R such that

tn—1

fr= 5

=0

for all i = 0,1,...,t, and all n > 1. The differentials d% : L,, — L,,_; are given by

th—11

ak(rr) = (mgotn gt gt

for all n > 1.

Furthermore, it was shown in [5] that with some choice of scalars, the elements {f*}in,
satisfy a comultiplicative structure given below in . That is, for 0 < i < t, and some
positive integer r, there are scalars c,q(n, %, ) such that

ty tn—r

(2.1) =3 cpg(miisr)frfr.

p=0 ¢=0

To set up this equation in practice, we can take { fio}gozo to be the set of vertices, {f} }151:0 to
be the set of arrows, {f2}:2, to be the generators of I, and define {f7"}(n > 3) recursively
in terms of fi”*1 and fjl. The resolution L. and the comultiplicative structure of Equation
were used to construct a minimal projective resolution K — A of modules over the
enveloping algebra A® = A ® A°?. The minimal projective resolution K is given by the
following theorem.

Theorem 2.2. [5, Theorem 2.1] Let A = KQ/I be a Koszul algebra, and let {fI}ir,
define a minimal resolution of Ag as a right A-module. A minimal projective resolution
(K,d) of A over A€ is given by

tn
K = €D Ao(f]") @ t(f7)A
=0

for n > 0, where the differential d,, : K, — K,_1 applied to €' = (0,...,0,0(f") ®p
t(f]),0,...,0), 0 <i<t, where o(f') @k t(fI') is in the i-th position is given by

tn—1 t1 t1
(2.3) da(e) = ( Cp(ny i, D fEen™ 4 (—1)" S ey q(nyiin — 1)5?*1f(]1)
j=0 p=0 q=0

and do : Ko — A is the multiplication map. In particular, A is a linear module over A°.

Since each f is a uniform element, the notations o(f"),t(f]*) are well defined. The
scalars ¢y j(n, 4, r) are those appearing in Equation and fI, which by abuse of notation
has been written as f! in Equation , is the residue class of f! in @';fl:o fiR/ @E’;O fi.

We define Hochschild cohomology using this resolution. That is, we apply the functor
Hompe(+, A) to the resolution K and take a direct sum of the cohomology groups in each
degree:

HH*(A) := @) H" (Hom e (Kp,, A))

n>0
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Using the comultiplicative structure of Equation (2.1]), it was shown in [2] that the cup
product on the Hochschild cohomology ring of a Koszul algebra defined by a quiver and
relations has the following description:

Theorem 2.4 (See [2], Theorem 2.3). Let A = kQ/I be a Koszul algebra over a field k,
where Q is a finite quiver and I C J?. Suppose thatn : K, — A and 0 : K,,, — A represent
elements in HH*(A) and are given by n(e}') = A; fori =0,1,...,t, and 0(c]") = X, for

i=0,1,...,tm. Then n—0:Kyrm — A can be expressed as
tn  tm
(n— 0™ =D cpgln+ m,i,n) AN,
p=0 q=0

for3=0,1,2,... thtm.

The reduced bar resolution of A = kQ/I as presented in [2| Section 1]: We recall
the definition of the reduced bar resolution of algebras defined by quivers and relations. If
Ag is isomorphic to m copies of k, take {e1,ea,..., e} to be a complete set of primitive
orthogonal central idempotents of Ag. In this case A is not necessarily an algebra over
Ag. Define the reduced bar resolution (B,48) to be B, = A®%(*2) the (n + 2)-fold tensor
product of A over Ag with differentials § given by:

n
(2.5) (e ®@a1 @+ @ apt1) = Z(—l)iao ® @] @ @ Apg]-
i=0
If Ag = k, then B = B, the usual bar resolution, as A is an algebra over Ag. The resolution
K can be embedded naturally into the reduced bar resolution . There is a map ¢ : K — B
defined by ¢(¢') =1 ® f ® 1 such that 6v = «d, with

(2.6) =Y Chjpin @ FL @ A = g L)y

for some scalar ¢;, j,...j,. See [2, Proposition 2.1] for a proof that ¢ is indeed an embedding.
Let A : B — B ®p B be a comultiplicative map (also called the diagonal map) on the bar
resolution given explicitly by Equation . It was also shown in [2, Proposition 2.2] that
there is a comultiplicative map Ag : K — K ®j K on the complex K compatible with «¢.
This means that (¢ ® ¢)Ag = Acv where (¢ ® 1)(K @ K) = ¢(K) ®a «(K) € B®a B. The
comultiplicative map on K is given in general by

n tv tnfv

(2.7) Ag(e!) =) D cpgln,rv)ey @ ey,

v=0 p=0 ¢q=0

We present a specific comultiplicative map for the family {Ag}4er under study in Remark
and use it to determine the structure of Hochschild cohomology of this family. Fur-
thermore, there are recent techniques such as [12] for computing the bracket structure on
Hochschild cohomology which relies on comultiplicative maps such as this.

3. CUP PRODUCT STRUCTURE

In this section, we will study the Hochschild cohomology of the family of quiver algebras

of Equation (L.1)) i.e.
{A, = =23, I, = (a® V?, ab— qba, ac).
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and present the cup product structure on their Hochschild cohomology. For this fam-
ily, the resolution K — A, has free basis elements {} ';f’;o such that for each n, €' =
(0,...,0,0(f") ®k t(f]),0,...,0). To concretely define the free basis ¢’ for each mod-
ule K,,, we start by using kQ)o, the subspace of kQ) generated by the vertices of () with
basis {e1,ea}. We define {f{ = e1, f = ea}. Next, since kQ; is the subspace generated
by paths of length 1 with free basis {a,b,c}, we define {f3 = a, fl = b, fi = c}. We
let fJQ, 7 =0,1,2,3 to be the set of paths of length 2 generated by the ideal I, that is,
{2 = a® f} = ab — qba, f3 = b, f; = ac}. We continue in this way and define for each
n> 2,

fo=a",
n __ n—1 _ s rm—1
(3.1) fr =50+ (=g fi e, (0< s <n),
fn="0"
1l = am Ve,

We recall that each f' is a uniform relation therefore the origin vertex o(f]*) and the
terminal vertex ¢(f]") exist. Therefore the notation o( f) @ t(f]") in the definition of 7'
makes sense. The differentials on K,, are given explicitly for this family by

dn(e}) = (1= Ony)laey™ + (=1)"7"¢"} q]
+ (1 =0 0)[(—q)" "be" | 4+ (=1)"e"[b], for r<n

T

(3.2) dp (el 1) = agl™t 4+ (=1)"eg e, when n > 2,

where 0,5 = 1 when 7 = s and 0 when 7 # s. We give below, a proof that the differentials
satisfy d*> = 0. For a general proof that the resolution we obtain using these descriptions
and its general form presented in Theorem is a minimal projective resolution, see [5],
Theorem 2.1].

A proof that d> = 0.

Proof.

dody((g3) = pdi((g5) = p(ce) — efc) = p(clez ® e2) — (e1 ® e1)c)
=pulc®ers—e1®c)=cea —ejc=c—c=0.

Now for r < n, we set Oy, = (1 — 0y, so that

dn(e)) = 5n,r[a5,7}_1) + (—1)"_Tq’"€?_1a] + 5T0[(—q)”_rb€"__11 + (—1)"6”:1117].

r ) T r

Now we apply the differential again: so d,,—1dy(e}) is equal to

dn-1{Onrlacy ™ + (=1)"7"q"er ™ a] + Orol(—q)"Tber Ty + (—1)"e) 1]}

1
= Onrladn-1(e7") + (=1)" "¢ dn-1(e7 7] + Orol(—a)" " bdn—1(e7 )
+ (=1)"dp1(e" )b,
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which becomes

Onra{On—1lacy ™ + (=1)""1q"er2a) + Dp0[(—q)" " oe} T 4 (— 1) er TP}
+ (=1)"""q" Oy { On— Lrlael ™ 4 (1) e 2]

+ Orol(—q)" " e 2 +( ) len b ba

+ (—@)" " 0r0b{On—1,0—1[ag] "] +(— )T e 2]

+Or-10[(—0)"be Y + (—1) T er 230}

-l-(—l)”éro{@n_lr 1[ag™ 2 4 (- )” "q" e 2a)

+ Or—10[(—q)" b, 24 (=) 15?_2219]}1)

_gnran 11”025” 2+(_1)2(n r)—1 2T5nr5n 1T€n—2a2

+ (=) "8, 08,1 062" "2 + (—1)2" 10, 00,1 06" 2

+ (=) 1= ’”é 2O 1006”20+ [(=1) 7+ 1(=1)" (=)™ " Dr00y—1,0be""2b

+ [<Onr + On101)(— 1)2<" Ng 1&0657, 244 [~0ny + Op_1,0-1]0r0ac"2b

+ (=q)" " 20,.0[Onrab — Op_1 r—1qbale™ 2 4 (—=1)*""(—q)"" 1aT,OsT,12[an,r—qba+én_1,,_1ab]

=0.

In the last equality, we have used the fact that a’> = b =0, 57% and 571,1{,1 have the
same sign, implying that 0y, ,ab—0p—1,-1¢ba = ab—gba = 0 and 0, , — gba+0p,—1 r—1ab =
—qba + ab = 0. Lastly we have

dp—1dn(€ny1) = dp—1[asy ™ + (= 1)"eq™ ']

= aacy T + (1)l e + (1) agy T+ (—1)"egPale
and after eliminating terms with coefficients a® = ac = 0, we get
n _ n—1__n—2 n— 2 -1 n, _n—2_, __
Q1€ 1) = (1) tazp e+ (~1)"azh e = [(~1) " + 1](~1)"ash e = o.

O

Recall that the resolution K can be embedded into the reduced bar resolution B via ¢.
The embedding map ¢ : K,, — B,, is defined by €] — 1 ® f* ® 1, where each f7 is viewed
as a sum of tensor products of paths of length 1 as given in Equation (2.6)). For example,

for the family (L.1)), f2 = f&@f& =a®a, f = fol®f11 —qf11®f01 =a®b—qgb®a. It is
clear from Equation (3.1)) that the following holds;

(3.3)
fiofle o fl (n times) when s = 0,
fn = e (gt e S, when (0 < s < n),
fiofiew o f (n times) when s = n,

fiofiow o fief (f} appears (n — 1) times), whens=n+1,
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In case 0 < s < n, it was shown in [I] that

f&= Z;n:i:fcf;:s{}om-s-t—n}(_q)j(n_sﬂ_t)f;fg:jt, hence,

min{t,s} B
(3.4) fr= X (oHIRe

j=maz{0,r+t—n}

We are now ready to present the cup product formula. We first present the following
alternate definition of the cup product.

Definition 3.5. Let A be a k-algebra. Let A : B — B ®4 B be the comultiplicative map
lifting the identity map on A =2 A®4 A. Let f € Homae(B,,, A) = Homy(A®™, A) and
g € Homy (A®" A) be cocycles of degree m and n respectively. The cup product f — g at
the chain level is an element of Homy (A2 A) given by

feg=n(f®g)A,

where m is multiplication, and A is given by

n
(3.6) Alag ® - @ apt1) = Z(ao R ®a®1)®s1®a41 @ @ any1).

i=0

For homogeneous elements a, b of degrees m and n respectively, the map f ® g is taken

to be (f ® g)(a®b) = (=1)l9llel f(a) @ g(b), where the degree of g is |g| = n. We recall
that for any member A, of the family, if ¢ € Home (Ko, Ag), and 1 € Hom. (Kn, Aq) are
two cocycles, we can use Definition [3.5| on the resolution K provided we have an explicit
presentation of the comultiplication Ag. This definition is presented using the following
composition of maps;

A
bpon: K25 Kan, K2 A, @4, Ay = A,
where 7 is multiplication, (¢®n)(e]"®e}) = (—1)""¢ (") @n(e]), and the comultiplicative
map Ag is such that the diagram

K —2%5 K @), K

| e

B —2- Bay, B.

is commutative i.e.
(3.7) (L® ) Ak = Aw.

Notice that we do not distinguish between B and B when using the map A. We are able
to present explicit definition of Ak in Remark after providing a proof of Theorem [1.7]
which relies on Equations and .

Let ¢ : K, = Ay and 1 : K,, = A, be two cocycles of homological degrees m and n
respectively. Suppose that ¢ takes £/ to ¢, for i = 0,1,...,m+1, and n takes €7 to nj, for

7 =0,1,...,n+1, we use the following standard notation ¢ = (¢81 T - O ¢%+1)
and n = (773 ny ny co-ony 773+1)- We denote the cup product of ¢ and n by
¢~ mni=((en)g ™ (em)7™" (om)5 " o (em)min (em)mir ),

that is, (¢~ n)(e]"™") = (¢n)7" ™ i=0,1,...,m+n+1.
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Theorem 3.8. Let ¢ : K,;, = Agq andn : K,, = Ay, be two cocycles representing two classes
in cohomology. Let {5m}m+1 be free basis elements of Ky, such that ¢(c7') = ¢ € Aq and

let {e'}; ”'H be free basis elements of K,, such that n(e}') = n* € Aq . Then the following
gives a formula for the cup product on Hochschild cohomology:

(=)™ ping, when r =0,

(—1)mnpm+n when 0 <r <m+n,

(=1)mmegmnn, when r =m+n,

(=)™ o5 n 1, whenr=m+n+1,

(¢~ n)(Eer™) = (gn)y*™ =

min{m,r}
where TN = Z (—q)/ =T+ "y 0<r<m+n.
j=maz{0,r—n}

Proof. We will find an explicit description of the comultiplicative map Ak on {5m+”}fl:+0”+1
for which Equation (3.7) holds. We will then use the formula (¢ « n)(E™*") = 7(¢ ®

n)Ag (™) as the deﬁnltlon of the cup product. We start with the case when r = 0,r =
m+n,r =m+ n+ 1 and last consider the case where 0 < r < m + n.

When r = 0, we have that

(t® ) Ar(eg™) = Au(eg™)
m+4n times

=A1@ M e1) =A1Rfiefi® - ® fio1)

m+n N m+n
=Y (leffel)ele " e Zso®am+"s
s=0
Notice that by the usual definition of the comultiplicative map on the bar resolution,
. m—+n
1@ f§®1=1®1. Hence et = Z ef ®egt" ). | Since ¢ is a cocycle of degree

m, we can evaluate ¢(¢}"), and in a smnlar way evaluate 7(}) to obtain

m—+n

(@~ n)(eg™™) =n(d @) Ax(eg™™) =n(@@n) (Y f@egt™™)
r=0

=7((=1)""¢(eg") @ n(ep)) = (1) ¢p'ng
Incaser=m+n

(t®)AR(ENTY) = Au(elth)

m+n m+n

m-+n times

=A@ o) =A0filefio- - ®fiel)
m—+n m-+n

=Y (effehelefite Ze ® emin ),
s=0
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m-+n
m+n m-+n—s
S0 m+n § 8 ® Em—i—n—s’ and

(&~ n)(emin) = T((=1)""d(er) @n(en)) = (1) dm,.
A similar result holds with r =m +n + 1, i.e.

m—+n—1 times

(L@ )AR(eptm ) =AQRfrir @) =A1fiRff@ @ f®f&l)

m—+n—1
= > (effeelefiiri o)t+(lefofio-0ffofhel)e(lal)
s=0
m-+n—1

s m4+n—s m—4n
L ( Z €0 ® Em—i—n s+1 =+ 6m—&—n—i—l ® 50)

m+n 1

hence | Ag (e tr ;) = Z EREmINTS ) temtin  ® €9 | Therefore, when s = m +

n+ 1, we obtain (¢ - n)(fﬁiZH) = m((=1)"™"d(eg") @ n(eny1)) = (1) dg" - It was
shown in [I] that for 0 < r < m + n,

min{t,r}
o = > (—g)f(mtmmrta =t phprint,
j=maz{0,r+t—n—m}
min{t,r} ' '
therefore t(¢]"") = 1 ® [ Z (—q)J(er"*H]*t)ft s t] ® 1, and by let-

j=maz{0,r+t—m—n}
min{m,r}

ting ¢ = m, the above expression becomes Z (—q)j(”frﬂ)l ® j?]f” ® JEE ®1
j=maz{0,r—n}
When we apply A to the above expression, we obtain

min{m+u,r} o

AoEr= Y Y e e e (e 7 o)

u=—m j=maz{0,r—n+u}

min{m—u,r}

Z Z (_q)j(n—u—r-i-j)(L ® L)( mtu o 2,_:n ]u)

u=—m j=maz{0,r—n+u}
using the relation that (¢ ® t)Ag = A¢, we obtain

min{m—u,r}

ook =) Y Y ot s )

u=—m j=maz{0,r—n+u}
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To apply (¢ @ n)Ag(eM+™), set u = 0 to get

min{m,r}
(@™ =™ Y (=T n(er )
j=maz{0,r—n}
min{m,r} 4 4
_ (_1>mn Z (_q)J(n—r-i-]) ?n?_j
j=max{0,r—n}

— (_UmnT;n—&-n,
which is the result. OJ

Remark 3.9. By some change of variables, we can infer from all the boxed equations in the
proof of Theorem that the explicit definition of the comultiplication Ak : K — K®,, K
is the following;

n
Z eh®@ey s=0
t=0
n min{w,s}
> Y (mgfTHT Rt 0<s<n
ny — ) w=0j=max{0,s+w—n}
AK<€S) n
Z ei@eny, s=n
t=0
n
t n—t n 0 _ 1
50®€n—t+1 +€n+1®€0, s=n-+ 1.
\ " +=0

where in the expansion of Ag(¢?),0 < s < n, the index w is such that there are no repeated
terms.

4. HOCHSCHILD COHOMOLOGY MODULO NILPOTENTS NOT FINITELY GENERATED

Let us recall from the introduction that there was an attempt to develop the theory
of support varieties for finitely generated modules of finite dimensional algebras using
Hochschild cohomology. The idea of this theory is the following:

Let A be a finite dimensional algebra. Let M, N be two A-modules and Ext% (M, N)
their extension group. There is an action of Hochschild cohomology on the extension
group defined as follows. Let P — A be a projective resolution of A. Let f € HH™(A) be a
representative. We can think of f as a representative of an equivalence class of m-extensions
of A by A that is f € Ext".(A4, A). Now define a map ® : Ext’}. (A, A) — Ext} (M, M)
taking the equivalence class of f to the equivalence class f®1jys. For any g € Ext’y(M, N),
the Yoneda product of f ® 1 and g gives an element of Ext’}*"(M, N). This induces the
left action

HH*(A) x Ext’ (M, N) — Ext’y (M, N)
defined by taking any pair (f,g) to the Yoneda product of ®(f) and g. For some finite

dimensional algebras, it is well known that Hochschild cohomology ring modulo nilpotents
is finitely generated as an algebra. Furthermore, when M, N are finite-dimensional modules
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and H a subalgebra of HH*(A), define
Ig(M,N)={fe H|®(f)g=0, for all g € Ext}(M,N)}
to be the annihilator of Ext% (M, N) in H. Ig(M, N) is obviously an ideal of H.

Definition 4.1. Let M, N be finite-dimensional A-modules. The support variety of the
pair M, N is

Via (M, N) = Vit (T (M, N)) = Maa(H/Trr (M, N))
the maximal ideal spectrum of the quotient ring H/I (M, N). The variety of M is defined
as V(M) = Vg(M,M).

For this theory to have all the nice properties that one would like, (i) H has to be a
finitely generated algebra and (ii) Ext% (A/v, A/t) has to be finitely generated as an H-
module. This leads to the conjecture in [11] that Hochschild cohomology modulo nilpotents
is always finitely generated as an algebra. For instance, we can take H = HH®Y(A) the
subalgebra of HH*(A) generated by homogeneous elements of even degrees.

The first counterexample to this conjecture appeared in [I4] where F. Xu used certain
techniques in category theory to construct a seven-dimensional category algebra whose
Hochschild cohomology ring modulo nilpotents is not finitely generated. There are other
constructions as well e.g. see [15]. The rest of this section is devoted to identifying nilpo-
tent and non-nilpotent Hochschild cocycles for the family of quiver algebras under study
after which we determine their Hochschild cohomology modulo homogeneous nilpotent el-
ements. We start with cocycles of degree 0 and define K; := Homye (K;, A).

The 0-th Hochschild cohomology (HH(A,) = kIe;lc(l)’{ .

Let ¢ € kerd} C Ky := Homye (Ko, A), such that ¢ = (M) A9), for some X0, A0 € A. We
solve for the ) (i = 0,1) for which d}¢(e}) = 0 as follows

T(c0) = ¢di(ep) = dla(ep) + (—1)'¢°(€g)a) = arg — Aja = 0

1o(e1) = ¢di(e) = o((—a) b(eg) — (€9)b) = bAG — Agb = 0

10(e3) = ¢di(e3) = d(e(e]) — (0)e) = A} = Age =0
If ¢ = 1, then ab—ba = 0, we get the following set of solutions: ¢ = (a 0), (ab 0),(0 a), (0 b),
(e1 e2) or (0 e1). By identifying each solution (AJ AJ) with (o( f))AS(f]) o(fO)AYE(fD)) =
(e1Ae1 earfe2), we need to have o(A]) = t(\)) = e1 and o(\)) = ¢(A\}) = es. This leads us
to eliminate some solutions in order to have the following set of solutions; ¢1 = (a 0), 3 =
(ab 0) and ¢3 = (e1 €2).
If ¢ = —1, then ab + ba = 0, we get the solutions set: ¢2 = (ab 0) and ¢3 = (e1 €2).
If ¢ # 1, then ab—qba = 0, we get ¢o = (ab 0) and ¢3 = (e1 e2). Therefore, the A°~-module
homomorphisms ¢1, ¢2, ¢3 form a basis for the kernel of dj as a k-vector space. We write,

ker d} = spani{¢1, 2, ¢3}.

In summary we obtain,

0 _kerdy ] spang{(a0),(ab0),(ere2)}, ifg=1
HHT(A,) = ImO {spcmk{(ab 0), (e1 e2)}, ifg#1

Notice that if the characteristics of k is 2, then ¢ = 1 = —1, so we obtain the first case.
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Remark 4.2. We note that the Hochschild 0-cocycles ¢ = (a 0) and ¢ = (ab 0) correspond
to elements a and ab respectively. These elements are in the center of the algebra A,. As
we will see later, these elements are nilpotent with respect to the cup product. The 0-cocycle
¢ = (e1 e2) is not nilpotent, since ey and ey are idempotent elements. It is obvious that ¢
generates HHO(Aq)/N. This brings us to make the following deduction for any q € k :

ker dj

(4.3) HH’(A)/N = 0

= spani{(e1 e2)} = k,
since €1 +ea = 1,.

We now give the following counting proposition about dim(ker d*), the dimension of the

kernels of the differentials dj, | : K;, — Ky41.

Proposition 4.4. Let k be a field and let {Aq}qer be the family of quiver algebras of Equa-

tion (1.1). For the Hochschild cohomology ring HH™(A) = k;::’gﬁl, n # 0, the following

holds;

2(n+2), ¢=1, nisodd,
57”+4, q=1, nis even,
(4.5) dim(kerdy ;) = < 2(n+2), ¢=—1, niseven,
57”4—4, q = —1, nis odd,
n+ 2, q # £1, n is any integer,

as a k-vector space.

Proof. Let ¢ € ker d},,, with ¢ = (gzﬁg ot - op ZH)- The elements ¢ =
¢(el),i=0,--- ,n+ 1 are obtained by setting the following sets of equations to 0:
For any n or q

&1 d(ef™) = ag(el) + (—1)" (e )a = agf £ dja  and
& d(enty) = aglenyy) + (1) o(e)e = agyr ) + dic.

For this set of equations to be 0, we should have ¢f € spani{a,c,ab,bc} and ¢}, €
spang{a,c,ab,bc}. But we recall that ¢f € ejAger, and ¢ € e;Agea. These constraints
make us obtain the following ¢ € spany{a,ab} and ¢}, € spani{c,bc}. The rest of this
proof involves obtaining the values of ¢;' when you set the following equations

dy10(er ™) = ag(e}) + (1) g )a + (=) T Te(er ) + (1) T o(er- )b
— aqbn ( )n-i—l r r¢na+( )n—H_Tb(lS:,L_l + (_1)n+1 lb

dy 1 9(etT) = adlfy + (1) a4+ (=) by + (1) oD
equal to O for different values of n,r and q. We recall that ¢ = £1 implies ab F ab = 0.
When n is even, r is even, q = 1, we obtain ¢, by setting ¢;' | = ¢;',; = 0. Then
solving d 1 ¢(el) = agl' — ¢'a = 0 and d ¢(c Z}ill) = bg; — @b = 0, we obtain
oy € spang{a,b,ab,bc,e1}. Again we recall that ¢ € ejAger, so ¢ € spang{a,b,ab, e }.
When n 1is even, r is odd, ¢ = 1, we obtain ¢;' by setting ¢, = ¢;/,; = 0. Then
solving d 1 ¢(el™) = agl' + ¢f'a = 0 and d ¢(c fill) = —bg; — ¢;b = 0 to obtain
¢ € spang{ab,bc}. So ¢ € spani{ab}.



When n is odd, r is even, q = 1, we obtain ¢, by setting ¢ | = ¢/, = 0. Af-
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ter solving df,1¢(e7™!) = a¢? + ¢Fa = 0 and d;‘Lqu(sfjfll)
o € spani{a,ab,bc} and finally we get ¢ € spani{a,ab}.

When n is odd, r is odd, q = 1, we obtain ¢; by setting ¢;' | = ¢, = 0. Then
solve ;1 d(ep*) = agl — ¢ra = 0 and di,,é(c

n+1
r+1

spang{ab, bc,b}. Like before we obtain ¢ € spany{b, ab}.
We continue in this fashion and obtain the following results as well.

—bop! + ¢I'b = 0, we get

) = bd + ¢fb = 0, to get ¢ €

When n is even, r is even, ¢ = —1, we obtain ¢!" € spany{ab,e; }.
When n is even, r is odd, ¢ = —1,we obtain ¢}’ € spany{ab,b}.
When n is odd, r is even, ¢ = —1, we obtain ¢' € spani{a,b,ab}.

When n is odd, r is odd, ¢ = —1, we get ¢I' € spani{a,ab}.
For any other ¢ # £1 and n even, r even, we obtain after solving d; +1¢(5Z}+1)

ady —q"¢ra=0and dy (e ) = q""bpy — db =0, ¢ € spang{ab}. In case n is even

n+1
r+1

and r is odd or even, we obtain the same ¢} € spany{ab}.
The following table summarizes the set of all solutions:

qg=1 n is even n is odd
r is even \ r is odd \ r is even \ r is odd
ol a,ab a,ab
" a, b, ab, eq \ ab \ a,ab \ b, ab
il ¢, be ¢, be
q=-1 n is even n is odd
r is even \ r is odd \ r is even \ r is odd
ors a,ab a,ab
" ab, ey \ b, ab \ a,b,ab \ a,ab
Prat ¢, be ¢, be
q# +1 n is even n is odd
r is even \ r is odd \ r is even \ r is odd
ors a,ab a,ab
o ab \ ab \ ab \ ab
Oni1 ¢, be ¢, be

From all these tables, we make the following deductions;

(nis even and ¢ = +1) : dim(Kerd;, ;) = 2-+(

(nis odd and ¢ = +1) : dim(Kerdy, ;) = 2+(

(nis even and ¢ = —1) : dim(Kerd}, ;) = 2+(

(nis odd and ¢ = —1) : dim(Kerd) ;) = 2+(

(odd—positions)
n
5 %xX2  +

(odd—positions)
n
— X2 +

(odd—positions)
=x1 +

(odd—positions)
— X2 +

(even—positions)

mn
NV
g X4 )F

(even—positions)

E><2
2

(even—positions)

n
Do )42
3 X2 )

(even—positions)

n
— 2
2><3 )+

)+2 = 2(n+2)
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(odd—positions) (even—positions)

(for any n, ¢ # £1) : dim(Kerdy ;) =2+ ( §><1 + gxl )+2=n+4

which is the result. U

Remark 4.6. From Proposition 4.4}, note that the dimension of kerd} increases as n
increases. We also observe that there are Hochschild n-cocycles of the form

¢ = (O - 0 e O - 0) i.e. @ = 0 for all i except at some position r. These
cocycles are denoted by ¢ = (0 - 0 (61)(T) 0o - 0) when we want to emphasize
that ey is in the r-th position. Our next result shows that cocycles like this are non-nilpotent.
Reading from the table of solutions in Proposition [{.4] they occur whenever both n and r
are even and ¢ = £1. Observe that for any n, whenever r =0 orr=n+1, ¢; #e1. We
also observe that whenever q # +1 all n-cocycles are nilpotent except in degree 0.

Lemma 4.7. If ¢ = (0 o 0 9 0 .- 0) is any cocyle such that ¢ # e1, then ¢
1$ nilpotent.

Proof. We have from Theorem [3.8| that when 0 < r < m + n,

min{m,r}
(4.8) (@~ @)ert™) =(=nm > (=g
j=maz{0,r—n}
where ¢7'¢;_; is a product of any two elements from the set {a, b, ab, ¢, bc} which is equal
to 0 in the algebra except ab and be. In general, if it is not a zero, we simply take a triple
cup product using the following;

(== o)er™™)
— (5w Qe (ake p= b < dym =n+n)
min{m,r}
i VA N G s C A LIy
j=max{0,r—n}
min{m,r} ' '
=0 Y (T g g(E)

j=maz{0,r—n}

min{m,r} min{n,l}
G D DN C ] [ VD S C eI COVIC IR FIC N
j=max{0,r—n} t=maz{0,l—n}
min{m,r} min{n,l}

DY S oI G( Joer ).

j=maz{0,r—n} i=maz{0,l—n}

The product ¢(e7)p(e];)p(er_;) = ¢7 ¢ by is always 0 in A4 by the defining relations
in Iy except when ¢/" = ¢, = ¢ ; = ey for some 4, j, I, r. Accordingly, this is the case if

and only if ¢ = +1,n is even and ¢,[,r are even. ]
We now present the following corollary to Lemma [4.7]

Corollary 4.9. Let ¢ : K, = Ay, be an n-cocycle. Then ¢ is non-nilpotent if, and only if
qg==+1,n and r are even, r #0 and ¢ = (O e 0 (61)(7‘) o --- ())_
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Proof. Follows from Lemma |4.7| and the tables of solutions in Proposition [4.4 g

Let HH"(Ag, Aq) := H"(Homye (Kp, Ag)) be the Hochschild cohomology class of n co-
cycles and let Z™(Ag, Ag) := HH"(Ay, Aq) /N, where N is the ideal generated by nilpotent
cocycles. For each n, representatives of classes in Z" (A4, Aq) are those distinct elements
given by Corollary

Furthermore, to show that each element constitutes its own class with respect to mod-
ding out by N, we do the following: For a fixed n, let ¢, 3 be two distinct 2n-cocycles such
that ¢(e2") = ¢2" = e1, B(e?") = 2" = e; where < s are both even. Suppose there is
an « such that

d(a)=¢p—-B=(0 -+ 0 ec 0 -+ 0 —eg 0 --- 0)

where the idempotent e; is in the r-th and s-th positions. This a does not exist because
by considering for example at the position r,

e1 = (¢ — B)(e¥) = d*(a)(e?™), implies that

o(d(E2") = a2 ) + (1P a2 a+ (~a)P b2 + (<1 a (2 b
There is no way to define a(e2"~!) and a(e2"7!) so that equality hold in the above expres-
sion. Another way to look at this is that if d*(«) = ¢ — 3 for some «, then « has to be a
non-nilpotent element of odd homological degree. But there are no non-nilpotents of odd
degree. Therefore there is no such «. Therefore each non-nilpotent n-cocycle constitutes
its own class in Z"(Ag, Ag).

We now define a canonical map from Z*(Ag, Ag) = B,,-¢ 2" (Ag, Ay) to the polynomial

ring in two indeterminates k[x,y]. We can recall from Lemma that ¢ and ¢y, | are
never equal to e; whenever ¢ is a non-nilpotent cocycle. We define this map by

(0 0 (e1)2 0 - 0) 22 Dy2
0000 () 0 - 0) =22 Dyt
(0 -~ 0 ()" 0 - 0)ma® "y,
(O 0O --- 0 (61)271 0)’_>y2n

This map is well defined as the kernel contains only the zero map. Under this map,
the image of Z*(A,,A,) is the subalgebra k[z?, y*]y? which is not finitely generated as
an algebra. This is because for each n, 22 Yy? cannot be generated by lower degree
elements. Also note how the cup product corresponds with multiplication in k[z,y], that

is, given even positive integers r, s, we have

(0 0 (@) 0 - 0) = (0 0 (@) 0 - 0) —= @y (@)




18 T. OKE

and at each degree n, the element (O 0 e 0 --- 0) identified with 22("~Yy? cannot
be generated as a cup product of any two elements of lower homological degrees. Since
this map is 1-1, we conclude that Z*(Ag, Ay) = k[z?,y?]y%. The next proposition formalizes
this idea whereas the next example is an illustration.

Proposition 4.10. For ¢ = £1, Z*(Ay, Ay) is graded with respect to the cup product and
is canomically isomorphic to the subalgebra k[z?,y*|y* of k[z,y]. That is Z*(Ag,Ay) =
k[z%,y?)y? where the degree of y? is 2 and that of x%y? is 4.

Example 4.11. To show that
22 2= (0 0 e 00 0)~ (00 e 0)
=0 000e 000)=z?.y4
Take ¢ = 2%y® < (¢ ¢1 05 3 05 ¢3) and p = y* < (65 ¢T d5 ¢3).
(6~ p)(e8) = Poug =0
1
(6~ (8 =D (=T gipd ;= ¢pui + ¢iug =0
§=0
2 -2
(6~ m)(e3) =D (—1) ¢ju5_; = du3 — diui + d3pg =0
§=0
3 . .
(6~ () =D (1T Dt = ¢iu3 + pud + ¢jug =0
j=1
4

(6~ m)(ed) =D (1Dl = du3 — ¢l + ¢ieh = e1
j=2
4
(6~ m)(ed) =D (1) Dg2 = d3u3 + piui =0
j=3

(¢~ n)(eg) = ¢ipi =0

(¢~ 1)(e9) = ¢ouz =0
Theorem 4.12. Let k (char(k) # 2) be a field and Ay = kQ/I, be the family of quiver
algebras of (L.1)). Let N be the set of homogeneous nilpotent elements of HH*(A,), then

HH(A,)/N =2k, ] +1
HH*<Aq)/N = 0 ( q)/ 2 21,2 2 21,2 Z-fq .

Z(AQ7AQ)®k[x7y]y gk@k[l’,y]y, @fq::l:l
where the degree of y? is 2, and that of xy? is 4.

Proof. If ¢ # +1, and n > 0, then all cocycles ¢ : K,, — A, are nilpotent by Lemma
From Remark we have then that

HH"(Ag)/N = HHO(AQ)/N = ZO(Aqqu) =k
If ¢ = %1, then the only non-nilpotent elements are those of Corollary From Re-

mark and Proposition we have that Hochschild cohomology ring modulo homo-
geneous nilpotent elements of {Ag},—+1 is spanned by graded pieces of sets containing
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cocycles given by Corollary That means that
HH*(Aq)/N = ZO(AQa Aq) & Z*(Aquq)

%k@(@spank{gb:KQnﬁA”d):(O e 0 (e 0 .- O),riseven})

n>0
= k@ k[2*, y%)y”.

5. GERSTENHABER IDEAL OF NILPOTENT COCYCLES

We denote by N¢, the set of homogeneous non-nilpotent elements of HH*(A,) given in
Corollary [£.9] In this section we compute the Gerstenhaber bracket of homogeneous non-
nilpotent cocycles [N¢, N¢| and show that it is zero. We also showed that for Ay, ¢ = £1,
the Gerstenhaber ideal of homogeneous nilpotent cocycles is the same as the set of ho-
mogeneous nilpotent cocycles N. We use the idea of homotopy lifting which we briefly
introduce to handle the Gerstenhaber bracket structure. We computed some examples of
homotopy lifting maps as well as the bracket of two nilpotent cocycles. We next sum-
marize the techniques from [12] [I3] for computing Gerstenhaber brackets on Hochschild
cohomology.

Homotopy lifting: Let P 22 A be a projective resolution of A as an A¢-module with
differential d and augmentation map pup. We take d to be the differential on the Hom
complex Hompe (P, P) defined for any degree n map g : P — P[—n] as

d(g) == d"g — (=1)"gd"
where P[—n] is a shift in homological dimension with (P[—n]),;, = Py,—y. In the following

definition, the notation ~ is used for two cocycles that are cohomologous, that is, they
differ by a coboundary.

Definition 5.1. Let Ap be a chain map lifting the identity map on A = A®4 A and
suppose that 1) € Homye (Py,, A) is a cocycle. A module homomorphism 1, : P — P[1 — n]
is called a homotopy lifting map of n with respect to Ap if

(5.2) di,) =n®1p—-1p@n)Ap and
Py ~ (=1)" "l
for some 1) : P — P[1] for which d(¢) = (up ® 1p — 1p @ pup)Ap.

Remark 5.3. For Koszul algebras, the resolution K is furnished with the differential graded
coalgebra property i.e. (Ag ® 1x)Ax = (1x ® Ag)Ag and (d® 1+ 1® d)Ag = Akd.
Furthermore, the augmentation map dy = p : K — A, which can be thought of as a
counit makes (pp @ 1g)Ax — (1g ® p)Ag = 0. We can therefore take v = 0, so that we
have by ~ 0. Neat, we set 1,(K,_1) = 0 and the second hypothesis of Definition 18
satisfied. We now give a theorem of Y. Volkov which is equivalent to the original definition
of the Gerstenhaber bracket on Hochschild cohomology [13].

Theorem 5.4. [12] Theorem 4] Let (P,up) be a A®-projective resolution of A, and let
Ap : P = P®p P be a diagonal map. Letn : P, = A and 0 : P,, — A represent some
cocycles. Suppose that 1, and g are homotopy liftings for n and 6 respectively. Then
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the Gerstenhaber bracket of the classes of n and 6 can be represented by the class of the
element

[, 0]ap = ntog — (—1)m DNy,

We present the following theorem describing homotopy lifting maps for non-nilpotent
cocycles. We follow up with a remark showing that Gerstenhaber bracket of any two
non-nilpotent cocycles is 0.

Theorem 5.5. Let k be a field and Ay = kQ/1,, ¢ = £1. Suppose that n : K,, — A is a
non-nilpotent n cocycle i.e. 1= (0 --- 0 (e1)™ 0 --- 0), where n and r are even.
The associated homotopy lifting map ¥y, : Ky — Kypy—pny1 satisfies

d(py) = dpy — (—=1)" 'ep,d = 0.
Proof. From Remark (3.9 . the diagonal map Ak on €7* whenever 0 < s < m is given by

min{w,s}
Z Z (—q)?(m—s+i— w)a ® ey " The right hand side of Equation
w=0 j=maz{0,s+w—m}
is given by
(n®1-1®n)Ak(s")
min{w,s}

=el-1on [Z > (=g eI ey ®£mjw].

w=0 j=maz{0,s+w—m}
Since 7 is an n-cocycle, we consider only the case (@ 1)((—q)" "™ *+7=e? © M7 ™) that

is w=mn,j=rand (1®n)((—q)* "™ " @) that is m —w = n,s —j = r. The
last expression therefore becomes

(—Q)r(m*‘”r*”)n( ?) - (= 1)”(’” M (=q) ey (e
= (—q) — (=t ( Q)(S_r)(”_r)%ﬁney
We recall that since s —r #m —n+1, o( fI,") = t(fi2,") = e1. Therefore
ereg," = er(0,--+,0,0(f5") @p t(f5"), 0, -, 0)
= (0,---,0,e10(f",") @k t(fi,."),0,---,0)

=(0,+-,0,€} ®kt( i ),0,--- ,0)
=(0,-++,0,e1 @ t(f"),0,---,0)
=(0,---,0,0(f75™) @k t(f257),0,- -+ ,0) = g,
and €7 "e; = e,,". Therefore, Equation becomes
(g — (1) D) (e") = (=) "R — (1) (—g) I = 0,
since both n and r are even and ¢ = £1. O

Remark 5.6. We recall from Remark [5.3 that for Koszul algebras, we can take the first
homotopy lifting map (V¥y)n—1 : K1 — Ko to be the zero map. From the result of
Theorem. d(Yn)n = (—=1)"~ 1(77/}77)”_161 =0, so we see that we can define all homotopy
lifting maps 1, = 0 for all n. This means that if n and 7 are two non-nilpotent cocycles
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their Gerstenhaber bracket [n, 7] = nbg+m, = 0. Refer to [8] on the general Gerstenhaber
algebra structure of Koszul algebras defined by quivers and relations.

Definition 5.7. Lie subalgebras.

(1) Let (g,[,]g) be a Lie algebra. A subspace a of g is said to be a Lie subalgebra if it
is closed under the Lie bracket that is [z,ylg € a for all z,y € a.
(2) The subalgebra a is an ideal of g if [x,2]y € a for allz € a,z € g.

Definition 5.8. Gerstenhaber ideal: Let S C (HH*(Ay),w,[-,-]) be a subset of homoge-
neous elements. The weak Gerstenhaber ideal generated by S is the smallest homogeneous
ideal G(S) containing S such that [y,~'] € G(S) for all v,~" € G(S) and v « ¢ € G(S5)
for all ¢ € HH*(A,). It is a (strong) Gerstenhaber ideal generated by S if in addition
[, 6] € G(S) for all € HH*(A).

The next result shows that for A,,¢ = £1, Hochschild cohomology modulo the weak
Gerstenhaber ideal generated by homogeneous nilpotent elements is not finitely generated
thus providing an answer to a question of R. Hermann in [6l Question 9.8].

Theorem 5.9. Let k be a field and Ay, q = £1 be members of the family of quiver algebras
of ([L.1)). Let N be the set of homogeneous nilpotent elements of HH*(A,), and G(N) the
weak Gerstenhaber ideal generated by N'. Then HH*(A,)/G(N) = HH*(A,)/N.

Proof. We will show that G(N) = N for Ayq. Let x be a nilpotent n-cocycle and 6 a
nilpotent m-cocycle. We now consider

[X: 0] (E:_n'i'n—l) — Xr[/}0<€;n+n—l) _ (_1)(m—1)(n—1)9¢n(6;n+n_1).

The homotopy lifting map vy : Ky—n+1 — K, is a A°~-module homomorphism, and would
therefore take a basis element e7*"~1 a Af-linear combination of basis elements. These
combinations can take any of the following form: &7, fle?, e” jl, fler fjl, fRen en fj2 or
fien fj2 for some s,7,j. Since x is nilpotent, by Corollary XVo(emT 1) #£ e for
any s. Applying the same reasoning, it is obvious that G@Dx(sg"‘”‘_l) # e1 either. This
implies that [x, 0] is nilpotent. Since the choice of x and 6 were arbitrary, we conclude in
this case that [N, N] C V. Now suppose that § = (0 --- 0 (w)* 0 --- 0), that is
0(e]') = w # ey for some w € Ay whose terminal vertex is e; and ¢ is an n-cocycle defined

by $ = (0 --- 0 (er)” 0 --- 0), we have seen from Theorem and Lemma
that (0 — ¢)(e"*™) =0 or

7

min{m,i}

@)™ =

j=max{0,i—n}

—~
)
~
.
3
|
<.
+
E)
>
—~
™
3
~—
<
—~
™
3
~
Il

whenever j = s and i —j = r. This means that (§ — ¢) is nilpotent for any ¢. Therefore N/
is an ideal with respect to the cup product. The weak Gerstenhaber ideal of N is therefore
N. We want to point out that G(N) is not a (strong) Gerstenhaber ideal because the
bracket of a nilpotent and a non-nilpotent cocycle can yield a non-nilpotent cocycle. [

Some bracket computations: We now calculate the bracket for some nilpotent co-
cycles. We refer to [8, Examples section] for more examples of homotopy lifting maps
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for quiver algebras and [9] for more examples of homotopy lifting maps for twisted tensor

product algebras. Consider the nilpotent 2-cocycle x and the nilpotent 1-cocycle 6:
x=( 0 0 0),0=(a 0 0)

Calculations show that the first three homotopy lifting maps x; : K; = K;_1,0; : K; —
K;,i,7 = 1,2,3 associated to x and 6 are given by

xi(e0) =0, 0i(ep) =ep  xa(ef) = 8%» 02(3) = 2¢3 x3(e8) =0,  0Os(e) = 3e5
xi(e1) =0, 6i(e3) =0 (1) =0, Oa(e7) =i xs(el) =i, O3(ef) = 2¢7
xi(e3) =0, 01(e3) =2¢5 xa2(e3) =0, a(e3) =0 x3(e3) =0, 63(c3) = 1e3

Xa(€3) = x3(e3) =0, 0Oa(c3) =0

X3(e3) = €3, Os(e]) = 4ej.
These maps satisfy Equation (5.2)). We verify Equation (5.2)) for x only as follows:

(d2xs + x2d3)(25) = da(0) + x2(agh — ega) = agy — gga

)
(doxs + X2d3)(€1) = dg(E%) + Xg(as% + qE%a + qzbsg — sgb) = ae% — E%a
(daxs + x2ds)(€3) = d2(0) + x2(acs + ¢*e5a — qbei — £7b) =
(daxs + x2d3)(e3) = da(0) + x2(be3 — £3b) =0
(daxs + Xxads)(e3) = da(€3) + x2(aci — e5c) = aey
On the other hand, using Koszul signs and (1 ® x)(e? ® e7) = (—1)XIneny (™), we get
(x®1-10x)Ak(e) = (x®1 -1 X)[e) ® ) + 2 @ ef + 5 @ e + 4 ® €7
= ag} — ela,
(x®1-1®x)Ak(e]) = <X®1—1®X)[50®51+50®51+q el ®eg+eg®ey
— qeq ®50+51®50] —CLEl q 51a
(x®1-1@x)Ak(s)) = (x®1—-1@x)[e) ®es +ei ®ej +qe1 ®eT — €] D ey
+52®€0+52®50] :0
(x®1-1®@x)Ak(e)) = (x®1-1®X)[e®e +e]®e5 +es®et + 63 @ey] =0,
(x®1-10x)Ak(e) = (x®1—-1@X)[) ®e] + g ®ej + e ®ey + 5 ®eg] = asy.

So we see that (daxs + x2d3)(e}) = (x® 1 — 1 ® x)Ak(e3), i=0,1,2,3,4. It is easy to
verify as well that [x, 8] = x that is

[x. 0](e3) = xB2(e3) — Oxa(ed) = x(2¢5) — 0(ep) =20 —a=a

[, 6)(e7) = xb2(7) — Oxa(e]) = 0, for i = 1,2,3.

Acknowledgment: The author thanks his thesis advisor Dr. Sarah Witherspoon for
useful discussions, reading through the manuscript and making many useful suggestions.

REFERENCES

[1] Buchweitz, R.O., Green, E.L., Madsen, D., Solberg, @. (2005) Hochshchild cohomology without finite
global dimension. Math. Res. Lett., 12(6): 805-816.



CUP PRODUCT AND GERSTENHABER BRACKET 23

[2] Buchweitz, R.O., Green, E.L., Snashall, N., Solberg, @. (2008) Multiplicative structures for Koszul al-

gebras. The Quarterly Journal of Mathematics. 59(4): 441-454.

[3] Green, E.L., Solberg, @. (2007) An Algorithmic approach to resolutions. J. Symbolic Comput., 42:

1012-1033.

[4] Gawell, E., Xantcha, Q. R. (2016) Centers of partly (anti-)commutative quiver algebras and finite gen-

eration of the Hochschild cohomology rings. Manuscripta math., 150: 383-406.

[5] Green, E. L., Hartman, G., Marcos, E. N.; Solberg, @. (2005) Resolutions over Koszul algebras.

Archiv der Mathematik, 85(2): 118-127.

[6] Hermann, R. (2016) Homological epimorphisms, recollements and Hochschild cohomology - with a
conjecture by Snashall-Solberg in view. Advances in Math., 299: 687-759.

7] Martinez-Villa, R. (2008) Introduction to Koszul algebras. Rev. Un. Mat. Argentina., 58(2): 67-95.

8] Oke, T. (2021) Bracket structure on Hochschild cohomology of Koszul quiver algebras using homotopy
liftings, arXiv:2103.12331.

[9] P. S. Ocal, T. Oke, S. Witherspoon (2022), Homotopy liftings and Hochschild cohomology of some

twisted tensor products, J. Algebra and Appl., DOIL: 10.1142/50219498822502383.

[10] Snashall, N. (2009) Support varieties and the Hochschild cohomology ring modulo nilpotence. Pro-

ceedings of the 41st Symposium on Ring Theory and Representation Theory, Tsukuba. 68—82.

[11] Snashall, N., Solberg, @. (2004) Support varieties and the Hochschild cohomology rings. Proc. London

Maths. Soc., 88(3): 705-732.

[12] Volkov, Y. (2019) Gerstenhaber bracket on the Hochschild cohomology via an arbitrary resolution.

Proc. of the Edinburgh Math. Soc. 62(3): 817-836.

[13] Witherspoon, S. (2019) Hochschild Cohomology for Algebras. Graduate Studies in Mathematics 204,

American Mathematical Society.

[14] Xu, F. (2008) Hochschild and ordinary cohomology rings of small categories. Adv. Math., 219: 1872-

1893.

[15] Xu, Y., Zhang, C. (2011) More counterexamples to Happel’s question and Snashall-Solberg’s conjec-

ture, arXiv:1109.3956.

DEPARTMENT OF MATHEMATICS & STATISTICS, WAKE FOREST UNIVERSITY, P.O. Box 7388, 127

MANCHESTER HALL, WINSTON SALEM, NC 27101, USA

Email address: oket@ufu.edu



	1. Introduction
	2. Minimal projective resolution for Koszul quiver algebras
	3. Cup product structure
	4. Hochschild cohomology modulo nilpotents not finitely generated
	5. Gerstenhaber Ideal of Nilpotent Cocycles
	References

